Polya (3) has shown that if b n is a sequence of algebraic integers and Y,n = onb n z n is a rational function, then so is Y,n = o b n z n . This result was generalized by Uchiyama (5) who showed that one may replace the assumption that the b n are algebraic integers by the assumption that the b n lie in a finitely generated submodule of the complex numbers, and by the author (1) who showed that if p is a non-zero polynomial with complex coefficients and if b n is a sequence of algebraic integers such that Yln=op{n)b n z n is a rational function, then so is Yln=ob n z n . Our aim in this note is to give a common generalization of all of these theorems.
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Let R be the integral closure, in the field of complex numbers C, of a finitely generated subring of C.
THEOREM. Suppose that b n is a sequence of elements of R and that p is a nonzero polynomial with complex coefficients. If X^=o p(n)b n z
n is a rational function, then so is Y,n = ob n z n .
Note that the theorem proved in (1) is the special case of the above theorem for which R is the ring of algebraic integers and that Uchiyama's theorem is obtained from the case p(n) = n by observing that a module generated by contained in the integral closure of the ring generated by
If K is an algebraic number field and 5 is a finite set of valuations of K containing all Archimedian valuations, we shall say, as usual, that x £ K is an S-integer of K if \x\ v ^ 1 for all valuations v of K not in S. The following is a slightly stronger version of (1, Lemma 2). The degree of C(z) is less than r, the degree of D(z) y and hence we can write the partial fraction expansion
where l/0i, l/0 2 , . . . , l/0 s are the distinct roots of D(z) with multiplicities e u e 2 , . . . , e 5 , respectively, and the Ct(z) are polynomials of degree less than e u respectively. Now
where is a polynomial in n with algebraic coefficients of degree less than e t . Thus, we can expand the right-hand side of (2) and obtain (4) £©= ÊE X,(n)* 4 V.
D\Z) n =o i= =i
Let L be an algebraic number field which includes K and contains all of the coefficients of the X* and all of the d t . Let T be a finite set of valuations of L containing all valuations of L which extend valuations in 5, and such that the non-zero coefficients of the X z , the B u the differences 6 t -dj, where i ^ j, are 7"-units of L. By (1, Lemma 1), there exist infinitely many pairs (k,P), where k is an integer and P is a prime ideal of L such that k -a Ç P. Let (k, P) be such a pair with P not corresponding to a valuation in T. Suppose that the norm of P is p f , where p is a rational prime. Combining (1) and (4) we obtain
We substitute w = k + j^7 in (5) and obtain
The determinant of the homogeneous linear equations in the X*(a), obtained from (6) by substituting successively j = 0, 1, 2, . . . , s -1, is 11^ = 10/times the Vandermonde determinant ||0^||, and hence is not congruent to 0 (P). It follows that each X*(a) is congruent to 0 (P). Since this last congruence holds for infinitely many prime ideals P, we see that each X*(a) = 0. Thus, we can wTite
where each Hi(n) is a polynomial of lower degree than X*(w). Since w -a is not 0 for n è 0, we obtain from (5) that (7) 6» = E MfW.
Since for each integer k ^ 0, the function Suppose that 0 is a homomorphism of R into Q, the field of algebraic numbers. Write Applying the hypothesis that g t (z) is rational and using Lemma 2 repeatedly we find successively that
